In this study, we study weak values from a quantum-logical viewpoint.
Introduction
Since Aharonov et al. [1] [2] [3] developed the concepts of weak measurement and weak values, these ideas have attracted great attention. In weak measurement, which differs from conventional von Neumann-type measurement [4] , the interaction between an observed system and a probe is considered to have no effect on the observed system when its weak coupling limit is taken. Some authors [5] [6] have even claimed that noncommuting observables could be measured simultaneously by weak measurement, and relations to Bell's inequality [7] have also been discussed.
It is believed that weak measurement enables us to select both an initial state and a final state. The weak value of an operatorÂ for an initial state |Φ and a final state |Ψ is defined as
Recently, weak values have attracted attention due to both the values obtained by weak measurement and their inherent physical meaning [8] . For example, the counterfactual statements of Hardy's paradox [9] were interpreted with the help of weak values [10] , which were experimentally verified [11] In the second section, we investigate the weak values of projection operators and present the conditions where they are regarded as conditional probabilities.
Hardy's paradox is examined in the third section, and its counterfactual interpretation based on weak values is also discussed there. The last section is our conclusion.
What are weak values?
We examine the expectation value Φ|Â|Φ of an observableÂ for a state vector |Φ . Let |ψ j be the eigenvectors that correspond to the respective eigenvalues ψ j , j = 1, 2, · · · of an observableΨ. By assuming that 1 = j |ψ j ψ j | and
where
is the probability that the state |ψ j is found in the state |Φ . We write the proposition 'an eigenvalue a i is obtained when an observableÂ is measured' as A(a i ), and its corresponding projection operator is denotedÂ i = |a i a i |. Similarly, we define a proposition Ψ(ψ j ) and a projection operatorΨ j = |ψ j ψ j |. A set of such propositions constitutes a σ-complete orthomodular lattice [17] [18], as does the corresponding set of such projection operators.
LetÂ in (2) be the projection operatorÂ i = |a i a i |. Then,
A necessary and sufficient condition for the operatorΨ jÂi to be a projection op-
If and only if this condition is satisfied,Ψ jÂi corresponds to a proposition Ψ(ψ j ) ∧ A(a i ) and the left-hand side of (3) is its probability for |Φ , i.e., the probability of finding |ψ j and |a i in |Φ . Thus, the weak value Â ψj ,Φ is the conditional probability of finding |a i in |Φ when |ψ j is found
and hence,
As shown later, the weak values are actually 0 or 1 in such a case. We can interchange |ψ j and |Φ in the above discussion. If |Φ Φ| andΨ j commute, Â ψj Φ is the probability of finding |a i in |Φ (or in |ψ j ).
If [Ψ j ,Â] = 0, the projection operator that corresponds to a proposition
. Instead, if we construct (for example) a hermitian operatorĤ ≡ÂΨÂ and a projection operatorĤ k ≡ |h k h k | wherê
H|h k = h k |h k , then the proposition corresponding toĤ k exists. Nevertheless, this proposition is not expressed with the help of the Ψ(ψ j )s and/or A(a i )s. In contrast, eitherΨ jÂi is not a projection operator or it does not correspond to any propositions. Thus, if any two ofΨ j ,Â i and |Φ Φ| do not commute, we cannot interpret the left-hand side of (3) as a probability or the right-hand side of (2) as a sum of probabilities. Therefore, in such cases, Â i ψj ,Φ is not the conditional probability of finding |a i in |Φ when |ψ j is found in |Φ ,
We comment on strange weak values. We divide Φ|Ψ jÂi |Φ into its real part and imaginary part as follows:
Thus, the weak value This possibility is not strange because (6) is not a (conditional) probability as shown above. We will encounter such a situation in the next section.
To corroborate the above conclusion, we reexamine Φ|Â|Φ . WhenÂ =Â i ,
Φ|Â iΨjÂi |Φ = Φ|Ψ jÂi |Φ ifÂ i andΨ j commute. Then, by comparing (7) and (2), it is clear that Â i ψj ,Φ = 0 or 1. Conversely, if
it is obvious that at least one of the following two statements is false: ' Â i ψj ,Φ is the expectation value ofÂ i between an initial state |Φ and a final state |ψ j ';
'| Â i ψj ,Φ | 2 is the expectation value ofÂ i between an initial state |Φ and a final state |ψ j '. We have shown above that the former statement is false if the operators do not commute, and we will show below that the latter statement is also false if they do not commute.
The above discussion can be straightforwardly applied to other observables, such asÂ = i a iÂi . Thus, it is obvious that ifΨ j andÂ do not commute, then the weak value Â ψj ,Φ is not the conditional expectation value ofÂ for |Φ when |ψ j is found in |Φ . We then must ask what the weak values are. As written by Aharonov et al. [19] ,
Because the denominator of the right-hand side does not depend on
gives the product of two independent probabilities Pr(a i |ψ j ) and Pr(a i |Φ) (divided by Pr(ψ j |Φ)). It is worth noting that (8) is not a conditional probability
To see this fact, we rewrite (8) as
The right-hand side of this equation is the expectation value of one observablê
no proposition, and consequently, (8) is not a conditional probability becausê A iΨjÂi is not a projection operator. More generally,
though the quantity that corresponds to a hermitian operatorÂΨ jÂ is not known.
Before applying the discussion in this section to Hardy's paradox, we comment on the commutativity of operators in experiments. Because error is not avoidable there, the commuting operators and the noncommuting operators should be continuously connected. If two projection operatorsX i ≡ |x i x i | andŶ j ≡ |y j y j | have a very small commutator [Ŷ j ,X i ], we can regard them as commuting andŶ jXi has a corresponding proposition. More rigorously, because of the identityŶ
Y jXi can be regarded as a projection operator and Ξ|Ŷ jXi |Ξ can be considered as the probability of a proposition
is smaller than its relative error. ForX ≡ i x iXi , Ξ|Ŷ jX |Ξ can be interpreted as an expectation value if i Ξ|Ŷ jXi |Ξ x i [Ŷ j ,X i ] yj xi is smaller than its absolute error.
Hardy's paradox
Recently, the counter factualstatements of Hardy's paradox were interpreted with the help of weak values [10] , and it was ascertained that they agreed with the values obtained by the corresponding weak measurement [11] [12] [13] . However, this agreement does not warrant the validity of the interpretation, as the meaning of the weak measurements has been interpreted only operationally.
Thus, we should not explain weak values based on the corresponding weak measurement. Rather, the meaning of a weak measurement should be clarified by investigating the corresponding weak values.
We investigate the weak values in Hardy's paradox based on the discussion in the previous section.
As shown in Fig. 1 
where O and N O are abbreviations of 'Through OL' and 'Not through OL', respectively. Then Ψ|Φ 2 = 1 12 by ordinary quantum mechanical calculation. However, the weak values are 
based on (8) . We can interpret the weak values in the Three-box paradox [20] [21] [22] similarly.
Conclusion
In this study, we studied weak values from a quantum-logical viewpoint. In addition, we examined the validity of the counterfactual interpretations of Hardy's paradox not operationally but in an investigation of the corresponding weak values. We then concluded that we were not able to evaluate the interpretations of Hardy's paradox even with the help of weak values because they are not conditional probabilities. In general, a weak value Â Ψ.Φ is not a (conditional) probability or a (conditional) expectation value if any two ofÂ, |Ψ Ψ| and |Φ Φ| do not commute.
